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ABSTRACT
The observed hemispherical power asymmetry in cosmic microwave background ra-
diation can be explained by long wavelength mode (long-mode) modulation. In this
work we study the prospect of the detection of this effect in the angular power spec-
trum of 21-cm brightness temperature. For this task, we study the effect of the neutral
Hydrogen distribution on the angular power spectrum. This is done by formulating
the bias parameter of ionized fraction to the underlying matter distribution. We also
discuss the possibility that the long mode modulation is companied with a primordial
non-Gaussianity of local type. In this case, we obtain the angular power spectrum
with two effects of primordial non-Gaussianity and long mode modulation. Finally, we
show that the primordial non-Gaussianity enhances the long mode modulated power
of 21-cm signal via the non-Gaussian scale-dependent bias up to four orders of magni-
tude. Accordingly, the observation of 21-cm signal with upcoming surveys such as the
Square Kilometer Array (SKA) is probably capable of detecting hemispherical power
asymmetry in the context of the long mode modulation.
Key words: large-scale structure of Universe – cosmic background radiation – dark
ages, reionization, first stars
1 INTRODUCTION
The standard model of cosmology is in good agreement
with the observation of the cosmic microwave background
radiation (CMB) Ade et al.[Planck Collaboration] (2015);
Aghanim et al.[Planck Collaboration] (2018) and the results
of the surveys of large scale structure (LSS) Tegmark
(2004); Eisenstein (2005); Tegmark (2006); Anderson et al.
(2013); Dawson (2016). Additionally, the precise data
of the CMB from Planck collaboration shows that the
initial condition of the Universe is very simple: nearly
Gaussian, isotropic, adiabatic and nearly scale invariant
Ade et al.[Planck Collaboration] (2014). This imposes se-
rious constraints on the early universe models includ-
ing inflationary scenario Ade et al.[Planck Collaboration]
(2016b); Akrami et al.[Planck Collaboration] (2018). De-
spite the success of the standard model of cosmology,
the nature of dark energy, dark matter and the physics
of early Universe is still unknown. Also there exist fur-
ther evidences from CMB sky indicating anomalies such
as the cold spot, quadrupole-octupole alignment, power
deficit in low multipoles, and hemispherical power asymme-
⋆ E-mail: baghram@sharif.edu
try Ade et al.[Planck Collaboration] (2016a); Akrami et al.
(2019). These anomalies could be due to the statistical un-
certainties, or they can open up a new horizon in the study
of the EU beyond the standard picture of ΛCDM cosmology.
In the case of these anomalies pointing toward a new physics,
we can also use the LSS data in the late time Universe to
probe the fingerprint of these deviations Abolhasani et al.
(2014); Baghram et al. (2014); Namjoo et al. (2015). How-
ever, the LSS data suffers from complex non-linearities, bi-
ased observations of baryons, and redshift space distortion
(RSD) effect, which must be controlled. Despite these chal-
lenges in LSS observation, if we find any specific fingerprint
of the EU physics in late time observations, we may be
able to probe the deviations from the standard picture of
EU inflationary scenario in sub-CMB scales. In this direc-
tion, the galaxies are the first targets of LSS observables to
probe EU effects Zhai and Blanton (2017). Another promis-
ing area of research is the future 21-cm signal observations
which will map the neutral Hydrogen distribution in the
universe and also can be used to find the statistics of the
distribution of matter Loeb and Zaldarriaga (2004). Here,
we focus on the distribution of neutral Hydrogen in the
epoch of reionization (EoR) to probe the power asymme-
try observed on the CMB sky. The idea is that the neutral
© 2018 The Authors
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Hydrogen can be used as a fair sample of matter distribu-
tion in large scales Barkana and Loeb (2011). One of the
interesting anomalies which is the subject of this work is
the CMB hemispherical power asymmetry. This asymmetry
was first seen in WMAP data Eriksen et al. (2004, 2007);
Hansen et al. (2009); Hoftuft et al. (2009) and it seems that
there are indications in Planck analysis as well Akrami et al.
(2014); Ade et al.[Planck Collaboration] (2016a). In the the-
oretical side, there are different proposals to describe this
asymmetry as long-wavelength mode (long-mode) modula-
tion Erickcek et al. (2008), domain walls inspired models
Jazayeri et al. (2014), etc. In the present study we have
concentrated on the long mode modulation. If this asym-
metry is due to a new physics, and with the assumption
that this feature will survive in late time (e.g. the feature
does not decay with the cosmic time), it is possible, that
it affects the late time observables. We assert that the 21-
cm cosmology gives the chance to probe the distribution of
matter in high redshifts where the matter distribution and
evolution can be studied in linear regime. The only issue
which must be studied with care is the bias between distri-
bution of neutral Hydrogen and the underlying dark matter.
In this direction there are studies that shows the hemispher-
ical power asymmetry due to long mode modulation is corre-
lated to the local-type non Gaussianity. In other words, long
mode modulation and non-Gaussianity appear simultane-
ously Namjoo et al. (2013, 2014). Accordingly, we study the
effect of long mode modulation on the angular power spec-
trum of 21-cm brightness temperature with/without non-
Gaussian effect on the bias. Then we assert that large scale
surveys of 21-cm signal can probe the fingerprint of this long
mode on the power spectrum of neutral Hydrogen when local
type non-Gaussianity is present. It is worth to mention that
the angular power spectrum of 21-cm signal is proposed as a
probe of primordial spectral running as well Sekiguchi et al.
(2018). Also, we should note that Shiraishi et al. (2016) pro-
pose to use ”off-diagonal components of the angular power
spectrum of the 21-cm signal fluctuations during the dark
ages to test this power asymmetry”. However, in this work
we study the angular power spectrum and its correction due
to long mode modulation and Primordial Non-Gaussianity
(PNG).
The structure of this work is: In Sec. (2.1), we briefly
introduce the long mode modulation. In Sec. (2.2) we study
the 21-cm power spectrum and scale independent bias. In
Sec. (3), we see the effect of the long mode modulation on
the angular power spectrum of 21-cm signal. In Sec. (4), the
effect of non Gaussianity is studied and finally in Sec. (5) we
conclude. In appendix (A) we study different approximations
for bias parameter and its scale dependent case. In appendix
(B), we study the characteristics of the SKA experiment and
its systematics on the angular power spectrum. Also, the
cosmic variance is discussed briefly in this appendix.
In this work we set the present value of matter den-
sity parameter Ωm = 0.32, cosmological constant density
parameter ΩΛ = 0.68, the present value of Hubble pa-
rameter H0 = 67km s
−1Mpc−1 and amplitude of primor-
dial curvature perturbation As = 2.1 × 10−9 with curvature
perturbation dimensionless power spectrum in the form of
PR (k) = As( kk0 )
ns−1
with spectral index ns = 0.965 and pivot
scale k0 = 0.05Mpc
−1 Aghanim et al.[Planck Collaboration]
(2018). The amplitude of modulation in curvature perturba-
tions defined in equation (2) is set to AR = 0.06 throughout
the paper and all figures.
2 THEORETICAL BACKGROUND
In this section we set the scene and review the theoreti-
cal background. The first subsection is devoted to the long
mode modulation, in which we mainly follow the proposal of
Zibin and Contreras (2015). In the second subsection we go
through the 21-cm brightness temperature fluctuations and
we introduce the power spectrum via the bias parameter.
2.1 Long mode modulation
As mentioned in the introduction, the recent observations of
Planck on the hemispherical power asymmetry of the CMB,
which was first detected by WMAP Eriksen et al. (2004),
Eriksen et al. (2007); Hoftuft et al. (2009); Hansen et al.
(2009), may point toward an anomalous primordial universe.
Long mode modulations may be considered as one of the
probable explanations of this observation. The idea of the
long mode modulation comes from the dipole modulation
observed in CMB temperature as Gordon (2007)
∆TCMB(nˆ) = ∆TCMB(nˆ)
[
1 + Ad cos(θnˆ.pˆ)
]
, (1)
in which ∆TCMB(nˆ) is the statistically isotropic temperature
fluctuation, Ad is the amplitude of the dipolar modulation
on temperature template, pˆ is the preferred direction and nˆ
is the direction of the observation and consequently θnˆ.pˆ is
the angle between pˆ and nˆ. Planck collaboration has found
Ad ≃ 0.06 and pˆ(l ∼ 227◦, b ∼ −27◦) in galactic coordinates
Ade et al.[Planck Collaboration] (2014) (For a more detailed
analysis see also Ade et al.[Planck Collaboration] (2016a);
Akrami et al. (2014); Aslanyan et al. (2014); Notari et al.
(2014)). The idea of long mode modulation, which is the
best yet known solution for hemispherical power asymmetry
Erickcek et al. (2008); Dai et al. (2013), can produce obser-
vational consequences. In this picture, a long super-horizon
mode with the wavelength 1/kL modulates the curvature
perturbations at the desired scales (either the CMB or the
LSS scales, for example in Abolhasani et al. (2014) the effect
of long mode modulation in late time observations is dis-
cussed). In this respect, a very important observation is the
fact that the modulation dies at large multipoles say ℓ > 65,
therefore, it seems reasonable to write the curvature pertur-
bation in large and small scales as R˜(x) = R˜lo(x) + Rhi(x)
(”lo” superscript indicating the low wavenumber (i.e. large
scales), and ”hi” indicating the high multipoles (i.e. small
scales)). One of the possible ways to incorporate this scale
dependence is proposed by Zibin and Contreras (2015). In
this picture the large scale curvature in real space is modu-
lated as
R˜lo(x) = Rlo( ®x)
(
1 + AR
r
rLS
.pˆ
)
, (2)
where AR is the amplitude of modulation in curvature per-
turbations (i.e. AR = Ad) and rLS is the distance to the
last scattering surface and ”∼” indicates modulated quanti-
ties. We should note that there are other phenomenologi-
cal models which can produce the desired scale dependence.
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However, in this model there is a reasonable assumption that
the modulation dies off in low redshifts. It is worth to men-
tion that the 21-cm power spectrum is a suitable proposal
for study because r(z ∼ 10)/rLS ∼ 1/3 and it is much more
prominent than the low redshift galaxy distribution. In order
to follow this proposal further, we can define the dimension-
less unmodulated curvature power spectrum of low and high
multipoles from Fourier modes as
〈Rlo/hi(®k)Rlo/hi(®k ′)〉 = 2π
2
k3
Plo/hiR (k)δ3D(®k − ®k ′), (3)
where Plo/hiR (k) is the dimensionless unmodulated curvature
power spectrum of low and high multipoles. As we men-
tioned earlier, to explain the suppression of long mode in
high angular multipoles, we’ve divided the curvature per-
turbation to two parts; also the total statistically isotropic
part R(k) ≡ Rlo(k)+Rhi(k) should give the standard ΛCDM
power spectrum as PΛCDMR (k) = PloR (k) + PhiR (k). For this
reason the unmodulated large scale curvature perturbation
could have the dimensionless power spectra as
PloR (k) =
1
2
PΛCDMR (k)
[
1 − tanh
(
ln k − ln kc
∆ ln k
)]
, (4)
where kc is the cut-off wavenumber. Again we should note
that the tanh is just a proposed ansatz to relate the high and
low multipoles of power spectrum, other proposals can be
made. In order to obtain a modulation on angular scales
larger than l ∼ 65 one should take kc ≃ 5 × 10−3Mpc−1
as χ∗ × kc = l (where χ∗ is the comoving distance to last
scattering surface) and ∆ ln k → 0,1 Zibin and Contreras
(2015). The Fourier transform of low multipole curva-
ture is R˜lo(®k) = Rlo(®k)+
∫
d3xRlo( ®x)AR 1rLS
−1
i
∂
∂kz
exp(−i®k. ®x),
where the zˆ direction is parallel to asymmetry direction pˆ
so R˜lo(®k) = Rlo(®k)+ i ARrLS
∂
∂kz
Rlo(®k). Thus the total power to
first order of AR can be obtained as 2
〈R˜(®k)R˜(®k ′)〉 = 2π
2
k3
PΛCDMR (k)δ3D(®k − ®k ′) + 2π2i
AR
rLS
×
[PloR (k)
k3
+
PloR (k ′)
k ′3
]
δ2D(®k⊥ − ®k ′⊥)δ′(®kz − ®k ′z),
(5)
where ®k⊥ is the wavenumber perpendicular to the z-direction
and prime on Dirac delta function shows the derivative with
respect to the argument. This is essential to relate the 21-cm
power spectrum to the primordial curvature power, which
will be discussed in the following sections.
2.2 21 cm power spectrum and bias
One of the promising observational probes to trace the dis-
tribution of the matter is the map of 21-cm brightness tem-
perature. PNG and long mode modulation can affect the
1 In this work we set ∆lnk = 0.1 to produce the corresponding
plots. This specific choice only affects the smoothing scale of mod-
ulated power spectrum.
2 Note that we take Rlo and Rhi to be uncorrelated.
distribution of the early star forming regions. Another ad-
vantage of 21-cm signal maps is that we can explore the mat-
ter distribution in larger scales. Accordingly, in this section
we will explore the theoretical background of 21-cm signal
statistics.
Here we will focus on the study of the brightness maps
at EoR where the spin temperature Ts is much larger than
the CMB temperature (Ts ≫ TCMB). The brightness tem-
perature signal of intergalactic medium (IGM) at redshift z
in EoR is Field (1958); Madau et. al (1997)
∆Tb ≃ (28mK)
(
Ωbh
2
0.02
) √
0.15
Ωmh2
1 + z
10
xHI(1 + δb), (6)
where Ωb and Ωm are baryon and total matter density pa-
rameters, xHI is neutral fraction of baryons in IGM and δb
is density contrast of baryons at IGM. The 21-cm fluctua-
tions from IGM at line of sight direction nˆ in Fourier space
(δTb(k, nˆ, z) = ∆Tb(k, nˆ, z) − ¯∆Tb(z)) is written as
δTb = ¯δTb x¯HI(δρHI + δρmµ2k ), (7)
where δρHI is neutral Hydrogen density fluctuations, δρm is
total matter density fluctuations and µk ≡ ®k .nˆ/| ®k | (nˆ is the
unit vector along the line of sight (LOS)). The x¯HI is the
global neutral fraction and ¯δTb is defined as
¯δTb ≃ (28mK)(
Ωbh
2
0.02
)
√
0.15
Ωmh2
1 + z
10
. (8)
Eventually, the power spectrum of 21-cm brightness can be
written as
PδTb (k, z) = ¯δTb2 x¯2HI
[
PδρHI,δρHI (k, z)
+ 2PδρHI,δρH µ
2
k
+ PδρH,δρH (k, z)µ4k
]
,
(9)
where Px,y(k, z) is the power spectrum of x and y compo-
nents (x and y each can be neutral and total Hydrogen).
Here we assumed that in large scales and higher redshifts
the total Hydrogen density traces the dark matter with a
very good approximation (δρH ∼ δρm). Now, we define the
Lagrangian bias corresponding to neutral Hydrogen, ion-
ized Hydrogen and ionized ratio as bLa = δa(k)/δρm where
a = ρHI, ρHII, xHII, and ρm is the total matter density.
Therefore, equation (7) and the brightness power spectrum
can be written as
δTb = ¯δTb x¯HI
(
bEρHI + µ
2
k
)
δρm, (10)
and
PδTb (k, z) = ¯δTb2 x¯2HI
[
bEρHI + µ
2
k
]2
Pmm(k, z), (11)
where bEρHI ≃ 1+ bLρHI is the Eulerian bias, (superscript E/L
indicate the Eulerian/Lagrangian bias) and Pmm(k, z) is the
matter power spectrum in linear regime. Note that the neu-
tral Hydrogen density bias is related to the ionized density
as Mao et al. (2013)
bLρHI =
1 − x¯HIIbLρHII
x¯HI
, (12)
in which x¯HII is the ionized fraction. Furlanetto et al. (2004)
shows that the Excursion Set Model for Reionization epoch
MNRAS 000, 1–12 (2018)
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(ESMR) works for patchy star forming regions, where xHII =
1 − xHI. By the definition of bLxHII = δxHII/δm, we will have
bLxHII ≃ bLρHII − 1. (13)
Now to find ionized fraction bias we make a basic ansatz
that the ionized fraction within spherical volume with ra-
dius R0 is proportional to the number of ionizing photons
produced by sources within that volume, so we simply ob-
tain D’Aloisio et al. (2013a,b)
xHII(Mmin, r, z, R0) = fcoll(Mmin, r, z, R0)ζ, (14)
where ζ is the ionizing efficiency, and fcoll(Mmin, r, z, R0)
is the collapsed mass fraction of volume R0 into luminous
sources. Here Mmin is the mass corresponding to a virial
temperature of 104K, so if we assume that the efficiency de-
pends only on the redshift and is independent of position,
ζ = ζ (z), then the ionized fraction contrast of volume R0 will
be
1 + δxHII =
Fcoll(> Mmin, r, z, R0)
Fcoll(> Mmin, z)
, (15)
where Fcoll(> Mmin, z) is the mean collapsed fraction of
masses larger than Mmin at z, which is independent of
the smoothing scale R0. In the appendix A we will dis-
cuss the ionized fraction bias in the context of excursion
set theory EST Bond et al. (1990); Nikakhtar and Baghram
(2017), where we study the non-Markov effects on the bias
parameter Musso et al. (2012).
In the case of scale-dependent halo bias in form of equa-
tion (A14) and by using equations (12, 13, A15) respectively,
one simply finds
bEρHI (k) = 2 −
x¯HII
x¯HI
bLxHII − g(k)
x¯HII
x¯HI
bLxHII, (16)
where g(k) is a scale dependent function which can be raised
from PNG or non-Markov effects. In this work, for the mat-
ter of simplicity we put scale independent halo bias bL
h
= 1
and x¯HIIx¯HI b
L
xHII = 1. Note that this simplification does not
change the main results and proposal of this work. In the
next section we will discuss long mode modulation effect on
angular power spectrum.
3 ANGULAR POWER SPECTRUM OF
MODULATED HYDROGEN DISTRIBUTION
In this section we are going to investigate the effect of long
mode modulation on the angular power spectrum of mat-
ter perturbation. It is known that the Poisson equation in
Fourier space relates the matter density to the gravitational
potential k2Φ(k) = 4πGρδ(k)a2, and the potential is related
to the curvature perturbation via transfer function T(k) and
growth function D(z) (i.e. Φ(k) = 3
5
T(k)D(z)(1+z)R(k)), there-
fore the matter density perturbation is related to the curva-
ture as
δ(k) = 2
5
T(k)D(z)k2
ΩmH
2
0
R(k). (17)
Now the real space 21-cm brightness temperature fluctua-
tions can be expressed in terms of curvature perturbation as
δ˜Tb(nˆ) = ¯δTb x¯HI
2D(z)
5ΩmH
2
0
∫
k2dkdΩk
(2π)3/2 b
E
ρHI
ei
®k .®r
× k2T(k)
[
Rhi + Rlo + iAR
rLS
∂
∂kz
Rlo
]
,
(18)
where we omit the k in R(k) for simplicity in notation. Note
that here we neglect redshift space distortion effect. This
approximation is based on the assumption that the RSD
angle averaged value in large scales is almost scale indepen-
dent Mao et al. (2011). Accordingly, the main result of this
work which is a comparison of the modulated angular power
spectrum with respect to the standard ΛCDM case remains
unchanged. So for simplicity, and to keep the main point
clear, we neglect the redshift space distortion effect. Now
we can expand the plane wave in terms of spherical Bessel
function and spherical harmonics, which gives
δ˜Tb(nˆ) = ¯δTb x¯HI
2
5
√
2
π
D(z)
ΩmH
2
0
∫
dkk3T(k)bEρHI
×
∑
lm
[
Rhilm + Rlolm
(
1 + AR
®r
rLS
.pˆ
)]
jl(kr)Ylm(nˆ),
(19)
where
Rhi/lo
lm
(k) = ilk
∫
dΩkRhi/lo(k)Y∗lm(kˆ). (20)
For notation simplicity we omit the subscript b hereafter 3.
Now expanding the 21-cm brightness signal fluctuations in
terms of spherical harmonics δT˜(nˆ) = ∑lm δ˜T lmYlm(nˆ), we get
δ˜T lm = ¯δTb x¯HI
2
5
√
2
π
D(z)
ΩmH
2
0
[∫
dkk3T(k)bEρHI (Rhilm + Rlolm) jl(kr)
+ AR
r
rLS
∫
dkk3T(k)
∑
l′m′
Rlol′m′ jl(kr)ξ0lml′m′
]
,
(21)
where
ξM
lml′m′ ≡
√
4π
3
∫
Y∗
lm
(nˆ)Yl′m′(nˆ)Y1M (nˆ)dΩnˆ . (22)
As we have shown above, the preferred direction is inte-
grated out, consequently the modulation direction cannot
be found in our method. In what follows we extensively
follow the notation of Zibin and Contreras (2015) to find
the angular power spectrum of 21-cm brightness signal in
the anisotropic case. In this direction, it was shown that
the multipole covariance in its most general form given
a polar (m = 0) modulation can be written in the form
of 〈alma∗l′m′〉 = Clδll′δmm′ + 12 δCll′∆Xξ0lml′m′ . Here Clδll′δmm′
refers to isotropic part of covariance matrix and the non-
isotropic part defined as δCll′. This formulation works where
3 We should note that for derivation of equation (19), we use
the integration by parts for the term ∂
∂kz
Rlo. Now we use the
approximation |i AR
rLS
kz
k
∂
∂k
(k2T (k)) | ≪ k2T (k) which is equivalent
to 2ARχ(z)/(l × rLS) ≪ 1 where χ(z) is the comoving distance to
the observing redshift z and l is the observing multipole. This
approximation allows us to bring back the real space relation ®r .pˆ
in equation (19)
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the anisotropic power spectrum depends on some parame-
ter X, linearly Zibin and Contreras (2015). This parameter
characterizes the anisotropy by X(nˆ) = X0(1 + ∆X/X0)cos(θ)
and is related to anisotropic part by δCll′ = dCl/dX+dCl′/dX,
Moss et al. (2011). Accordingly, the covariance matrix of 21-
cm brightness temperature fluctuations becomes
〈δ˜T lmδ˜T∗l′m′〉 = CTT,isol δll′δmm′ +
1
2
δCTT
ll′ ∆Xξ
0
lml′m′, (23)
where CTT,iso
l
is the isotropic part of angular power spec-
trum (the angular power spectrum in the absence of long
mode modulation). The second term in RHS of equation (23)
is the correction term introduced by the modulated power
spectrum in which ∆X = AR . Finally, as Zibin and Contreras
(2015) mentioned the angular power spectrum in the pres-
ence of long mode modulation can be written as CTT
l
=
C
TT,iso
l
+ ∆C
TT,LM
l
in which ∆CTT,LM
l
=
1
2
ARδCTTll (note
that the label LM on angular power spectrum, indicates long
mode modulation), so
C
TT,iso
l
= ( ¯δTb x¯HI)2
16π
25
( D(z)
ΩmH
2
0
)2
×
∫
dk
k
k4T2(k)PR (k)(bEρHI )
2
j2l (kr),
(24)
where PR is the dimensionless power spectrum of curvature
perturbation, and
∆C
TT,LM
l
= ( ¯δTb x¯HI)2
32π
25
( D(z)
ΩmH
2
0
)2AR
r
rLS
×
∫
dk
k
k4T2(k)PloR (k)(bEρHI )
2
j2
l
(kr).
(25)
Here we assume that neutral density bias has no k-
dependence (bEρHI = 2− x¯HIIx¯HI bLxHII). As far as the bias param-
eter is scale independent, the main contribution to the angu-
lar power spectrum comes from the matter power spectrum
corrections. In Fig.1, we plot the angular power spectrum
of 21-cm brightness fluctuations versus angular multipole l
and also we compare the signal with long mode modulation
effect (equation (25)) in z = 10. In order to explicitly show
the advantage of using the 21-cm brightness power spectrum
in comparison to the late time dark matter tracer’s power
(e.g. galaxies), we study the halo-halo power spectrum in
this respect. In Fig.2, we compare the fractional difference of
angular power spectrum of 21-cm brightness and dark mat-
ter halo distribution in different redshifts (for details see
caption of the figures). The dark matter halo distribution
angular power spectrum Chh
l
is obtained
Chh
l
=
16π
25
( D(z)
ΩmH
2
0
)2
∫
dk
k
k4T2(k)PR (k)bEh
2
j2
l
(kr), (26)
where bE
h
is the halo bias term. This relation is obtained
by the fact that the halo density contrast δh is related to
the matter density contrast δm approximately via the Eule-
rian bias δh ≃ bEh δm. On the other hand the matter density
contrast is related to curvature perturbations by equation
(17). 4 In Fig. 2, we show that the halo-halo power spec-
4 All the corrections to the halo-halo matter power spectrum due
to long mode modulation and non-Gaussianity are calculated on
the basis of equation (26), similarly.
ΔCl
TT, LM(z=10) [(δT bxHI)
2]
Cl
TT, iso(z=10) [(δT bxHI)
2]
5 10 50 100
10-12
10-11
10-10
10-9
10-8
10-7
l
C
lT
T
(z
=
1
0
)
[(
δ
T
b
x
H
I)
2
]
Figure 1. The angular power spectrum CTT ,iso
l
in units of
[( ¯δTb x¯HI)2] (red solid line) versus multipole l for 21-cm bright-
ness temperature at z = 10. The difference of the angular power
spectrum due to long mode modulation ∆CTT ,LM
l
at z = 10 (Blue
dashed) is compared.
trum changes due to long mode, dies off in smaller multi-
poles in comparison to the 21-cm brightness power spec-
trum. This is reasonable as for a fixed wavenumber, the
power is changed in smaller multipoles, when we probe lower
redshifts. As one can see in Fig. 1, 2, the long mode modu-
lation dies at large multipoles similar to CMB observations,
but as Zibin and Contreras (2015) has made the cut off by
a fixed k (kc) instead of l, this suppression cut off will shift
to lower multipoles by decreasing redshift. In other words,
the cosmic variance problem is more dominant in lower red-
shifts. As we discuss in appendix (B), at low multipoles
the main source of uncertainty will be the cosmic variance
∆Ccv
l
=
√
2/(2l + 1)Cl. In order to have a general comparison
between the change in angular power spectrum due to long
mode modulation and the cosmic variance, the upper x-axis
in Fig. 2 is labeled
√
2
2l+1
. This is the ratio of cosmic vari-
ance to the Cl (In each multipole the signal y-axis must be
compared with upper x-axis for detection feasibility). Fur-
thermore, due to the suppression term r/rLS in equation (2),
the effective amplitude of long mode modulation will reduce
in lower redshifts. Although the observing of dipole modu-
lation in 21-cm temperature brightness map of EoR is more
difficult than CMB map, but eventually it’s more promis-
ing and reachable than low redshift galaxy surveys. Another
important point that we should emphasise here is the issue
of the cosmic variance. As one can see in Fig. 2 the long
mode modulation feature on angular power spectrum is in
cosmic variance limit for all scales (for more information see
appendix (B)) and therefore cannot be observed. However,
as we will show in next section, local type PNG can enhance
this feature in the angular power spectrum of 21-cm signal
at high redshifts to the values which are not cosmic variance
limited.
In the next section we will study the effect of local type
PNG on bias parameter and angular power spectrum.
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Figure 2. The difference of the angular power spectrum due to
long mode modulation for 21-cm brightness temperature with re-
spect to CTT ,iso
l
(∆CTT ,LM
l
/CTT ,iso
l
) is plotted versus multipole
l at z = 10 (red solid line) and z = 6 (green dashed) and for
dark matter halo distribution (∆Chh,LM
l
/Chh,iso
l
) at z = 2 (or-
ange dot dashed) and z = 0.5 (blue dotted). The upper x-axis
shows
√
2/(2l + 1) as the ratio of cosmic variance uncertainty on
angular power spectrum ∆Ccv
l
to the angular power spectrum Cl
(see appendix (B) for more information). In each multipole the
signal y-axis must be compared with upper x-axis for detection
feasibility.
4 NON-GAUSSIANITY: THE BIAS AND
ANGULAR POWER SPECTRUM
In this section we investigate the effect of power asymmetry
in the presence of primordial local non-Gaussianity. As in-
dicated in the introduction, the long mode modulation can
be accompanied by local non-Gaussianity which is related to
the long-to-short mode coupling. In this direction, we study
the local fNL type non-Gaussianity. The primordial Bardeen
potential can be expressed in terms of local non-Gaussian
corrections as
Φ = φg + fNLφ
2
g, (27)
where the non Gaussian pre-factors fNL is a constant and
φg is a Gaussian field. We assume that 〈φg〉 = 0. In order
to calculate the bias we use the peak-background splitting
method Sheth and Tormen (1999). The Bardeen potential
can be written in terms of short mode φs and long mode φl
Gaussian fields (φg = φs + φl),
Φ = φs + φl + fNLφ
2
s + 2 fNLφsφl + fNLφ
2
l . (28)
Assuming that φs ≫ φl , we can rewrite the equation (28)
up to the first order of φl
Φ = φl + X1φs + X2φ
2
s, (29)
where X1 = 1 + 2 fNLφl and X2 = fNL. Now we want to
find the effect of non-Gaussian terms on halo bias defined
b(M, k, z) = δh(M, k, z)/δm(z) where δh is the halo number
density contrast and δm is the linear matter density which
is identical to the long mode matter density contrast δl . We
should note that bias in its general form, depends on the
mass of dark matter halo, the scale of observation, and red-
shift. Density contrast in the late time can be related to the
φl in the early universe by Poisson equation δl =M(k, z)φl,
10
5 10 50 100
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l
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+
Δ
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δ
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I)
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]
Figure 3. The angular power spectrum of 21-cm brightness tem-
perature including non-Gaussianity C¯TT
l
+∆C
TT ,NG
l
versus mul-
tipole l at z = 10 for fNL = 0 (green solid line), fNL = +10 (blue
dashed) and fNL = −10 (red dotted). The shaded regions cor-
respond to the cosmic variance uncertainty area (Cl ± ∆Ccvl =
(1 ±
√
2/(2l + 1))Cl). See appendix (B) for more information.
where M(k, z) = 3k2T(k)D(z)/5H2
0
Ωm. Note that the bias is
a scale dependent quantity due to the non-Gaussian effects,
which is discussed in Dalal et al. (2008). The halo density
contrast with PNG corrections is defined as
δh =
n(M, z, X1, X2; δl) − n¯(M, z)
n¯(M, z) , (30)
where n¯(M, z) is the number density of structures in a mass
range of M and M + dM in redshift z. By Taylor expand-
ing the modified number density per mass n(M, z, X1, X2; δl)
in equation (30) in the presence of long mode δl and non-
Gaussian terms, we can find the bias parameter due to the
definition of halo bias (see appendix (A)) as
b¯L
h
= b¯
(g,L)
h
+
β2 fNL
M(k, z) , (31)
where b¯
(g,L)
h
≡ ∂(ln n¯)/∂δl is the Gaussian Lagrangian bias
which depends on the universality function. β2 is defined as
derivative of the number density with respect to X1
β2 = 2
∂ ln n¯
∂X1
, (32)
and therefore
b¯Lh ( fNL) = b¯
(L,g)
h
+ 2 fNLM−1(k, z)b¯(L,g)h δc(z), (33)
where δc = 1.686 is the critical density. So according to equa-
tion (16), we can extend the definition of halo bias to neutral
Hydrogen bias. In this case the Eulerian neutral Hydrogen
bias bEρHI can be expressed as
bEρHI (k) = 2−
x¯HII
x¯HI
bLxHII −2 fNLM−1(k, z)δc(z)
x¯HII
x¯HI
bLxHII . (34)
Now it is straightforward to incorporate the effect of PNG
via the bias parameter in the definition of the angular power
spectrum of 21-cm brightness temperature fluctuations. One
of the important studies in this framework was done by
Slosar et al. (2008), which investigate the effect of PNG on
lower redshifts to compare the results of PNG corrections
with the SDSS data. Our PNG correction results is com-
patible with those of Slosar et al. (2008) for low redshifts
and Cooray et al. (2008) for EoR (In Fig. 3 and Fig. 4, we
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Figure 4. The difference of the angular power spectrum due to
non-Gaussianity with respect to C¯l for 21-cm brightness tem-
perature (∆CTT ,NG
l
/C¯TT
l
) and for dark matter halo distribution
(∆Chh,NG
l
/C¯hh
l
) is plotted versus multipole l at different redshifts
with fNL = ±10. Long-dashed (green) and dot-dot-dashed (purple)
lines correspond to 21-cm brightness temperature with fNL = +10
and fNL = −10 at z = 10, dot-dashed (orange) and dotted (black)
lines are for 21-cm brightness temperature with fNL = +10 and
fNL = −10 at z = 6 and finally short-dashed (red) and solid (blue)
lines are for dark matter halo distribution with fNL = +10 and
fNL = −10 at z = 0.5 respectively. The shaded region corresponds
to the cosmic variance uncertainty area (±∆Ccv
l
/Cl = ±
√
2
2l+1
).
See appendix (B) for more information.
XX=TT, fNL= +10, z=10
XX=TT, fNL= -10, z=10
XX=TT, fNL= +10, z=6
XX=TT, fNL= -10, z=6
XX=hh, fNL= +10, z=2
XX=hh, fNL= +10, z=0.5
2 5 10 20 50
10-11
10-9
10-7
10-5
0.001
0.100
10
0.120.20.30.40.50.6
l
Δ
C
lX
X
,L
M
-
N
G
C
lX
X
2
(2 l + 1)
Figure 5. The difference of the angular power spectrum due to
LM-NG term ∆CLM-NG
l
introduced in equation (39) with respect
to C¯l for 21-cm brightness temperature ∆C
TT ,LM-NG
l
/C¯TT
l
and
for dark matter halo distribution is plotted versus multipole l at
different redshifts with fNL = ±10. Long-dashed (green) and dot-
dot-dashed (purple) lines are for 21-cm brightness temperature
with fNL = +10 and fNL = −10 at z = 10, dot-dashed (orange) and
dotted (black) lines are for 21-cm brightness temperature with
fNL = +10 and fNL = −10 at z = 6 and finally short-dashed (red)
and solid (blue) lines are for dark matter halo distribution with
fNL = +10 at z = 2 and z = 0.5 respectively. The upper x-axis
shows
√
2/(2l + 1) as the ratio of cosmic variance uncertainty on
angular power spectrum ∆Ccv
l
to the angular power spectrum Cl
(see appendix (B) for more information). In each multipole the
signal y-axis must be compared with upper x-axis for detection
feasibility.
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Figure 6. The ratio of the angular power spectrum due to long
mode modulation ∆CTT ,LM-G
l
with respect to C¯TT
l
(in absence
of non-Gaussianity) versus multipole l for 21-cm brightness tem-
perature ∆CTT ,LM-G
l
/C¯TT
l
at z = 10 (blue solid line). Also, the
difference of the angular power spectrum due to LM-NG term
(equation (39)) ∆CTT ,LM-NG
l
with respect to C¯TT
l
+ ∆C
TT ,NG
l
with fNL = +10 (dotted black) and fN L = −10 (dashed red) is
compared. For the cosmic variance see the captions of Fig. 2 and
Fig. 5.

ΔCl
TT, LM-G
Cl
TT , z=10

ΔCl
TT, NG
Cl
TT , z=10, fNL= +10

ΔCl
TT, NG
Cl
TT , z=10, fNL= -10

ΔCl
TT, LM-NG
Cl
TT , z=10, fNL= +10

ΔCl
TT, LM-NG
Cl
TT , z=10, fNL= -10
5 10 50 100
10-8
10-5
0.01
10
0.060.10.20.30.40.50.6
l

Δ
C
lT
T
C
lT
T

2
(2 l + 1)
Figure 7. Absolute value of the difference of the angular
power spectrum due to each term in equations (35-39) with re-
spect to C¯TT
l
versus multipole l for 21-cm brightness temper-
ature ∆CTT
l
/C¯TT
l
at z = 10. Dotted (black) and short-dashed
(red) lines are for ∆CTT ,NG
l
/C¯TT
l
with fNL = +10 and fNL =
−10, long-dashed (green) and dot-dashed (orange) lines are for
∆C
TT ,LM-NG
l
/C¯TT
l
with fNL = +10 and fN L = −10 and finally
blue solid line is for ∆CTT ,LM-G
l
/C¯TT
l
term respectively. For the
cosmic variance see the captions of Fig. 2 and Fig. 5.
plot the effect of PNG on angular power spectrums both for
low and high redshifts, where we neglect the redshift space
distortion and non-linear effects). However, in this work we
study the angular power spectrum of temperature bright-
ness fluctuations in presence of both PNG and long mode
modulation as well. In the presence of long mode modula-
tion, as we showed, the angular power spectrum contains an
isotropic term and a modified term due to LM modulation.
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However in the presence of local type non-Gaussianity by
using equations (24, 25, 34), both isotropic and long mode
modulated angular power spectrum can be divided to Gaus-
sian and non-Gaussian terms as CTT,iso
l
= C¯TT
l
+ ∆C
TT,NG
l
and ∆CTT,LM
l
= ∆C
TT,LM-G
l
+ ∆C
TT,LM-NG
l
. Therefore the
angular power spectrum becomes
CTTl = C¯
TT
l + ∆C
TT,LM-G
l
+ ∆C
TT,NG
l
+ ∆C
TT,LM-NG
l
, (35)
where C¯TT
l
is the angular power spectrum in absence of both
long mode modulation and local type non-Gaussianity ob-
tained as
C¯TTl =
(
¯δTb x¯HI
(
2 − x¯HII
x¯HI
bLxHII
))2
16π
25
(
D(z)
ΩmH
2
0
)2
×
∫
dk
k
k4T2(k)PR (k) j2l (kr),
(36)
and ∆CTT,LM-G
l
is the term which is related to the pure long
mode modulation effect
∆C
TT,LM-G
l
=
(
¯δTb x¯HI
(
2 − x¯HII
x¯HI
bLxHII
))2
32π
25
(
D(z)
ΩmH
2
0
)2
× AR
r
rLS
∫
dk
k
k4T2(k)PloR (k) j2l (kr),
(37)
and ∆CTT,NG
l
is the effect of PNG scale-dependent bias term
on standard angular power spectrum
∆C
TT,NG
l
=
(
¯δTb x¯HI
)2 16π
25
(
D(z)
ΩmH
2
0
)2
×
∫
dk
k
k4T2(k)PR (k)
×
[
−4 fNLδcM−1(k, z)
x¯HII
x¯HI
bLxHII
(
2 − x¯HII
x¯HI
bLxHII
)
+
(
2 fNLδcM−1(k, z)
x¯HII
x¯HI
bLxHII
)2]
j2l (kr),
(38)
and ∆CTT,LM-NG
l
is the effect of PNG scale-dependent bias
on long mode modulated term
∆C
TT,LM-NG
l
= ( ¯δTb x¯HI)2
32π
25
(
D(z)
ΩmH
2
0
)2
× AR
r
rLS
∫
dk
k
k4T2(k)PloR (k)
×
[
−4 fNLδcM−1(k, z)
x¯HII
x¯HI
bLxHII
(
2 − x¯HII
x¯HI
bLxHII
)
+
(
2 fNLδcM−1(k, z)
x¯HII
x¯HI
bLxHII
)2]
j2
l
(kr).
(39)
In Fig. 3, the angular power spectrum of 21-cm brightness
temperature including the non-Gaussianity C¯TT
l
+ ∆C
TT,NG
l
term at z = 10 for fNL = 0,±10 is plotted. It is interesting to
note that due to the term M−1 in equation (38) (which is
proportional to k−2T−1(k)) non-Gaussianity term will have
a very large effect on angular power spectra at low multi-
poles (∆CTT,NG
l
> C¯TT
l
at l . 50 with fNL = +10). This is a
very interesting feature with regards to PNG studies, and it
can be used to detect PNG Lidz et al. (2013). In Fig. 4, we
plot the ratio of the standard angular power spectrum with
PNG correction with respect to the standard angular power
spectrum. For redshifts z = 10 and z = 6 we plot the 21-cm
brightness temperature fluctuations angular power, where
for z = 0.5 the angular power spectrum is for dark matter
halo distribution. This plot shows how it is promising to use
21-cm signal power spectrum to find out the PNG effects. In
Fig. 5 we show the ratio of the PNG-long mode modulated
term in angular power spectrum introduced in equation (39)
with respect to the standard power. This figure shows that
PNG-long mode modulated term with respect to the stan-
dard power spectrum, also decreases in lower redshifts. In
order to emphasis this result in Fig. 6, which is an impor-
tant plot for our proposal, we show that PNG not only en-
hances the long mode modulation effect (up to 4 order of
magnitude), but also enhances its contribution with respect
to main terms in angular power spectrum (up to 2 order of
magnitude at z = 10) to an observable signal. Also note that
this signal is not cosmic variance limited. In Fig. 7, we plot
the contribution of each term introduced in this section. The
upper x-axis in Figs. 5, 6, 7 shows
√
2/(2l + 1) as the ratio of
cosmic variance to the Cl . In each multipole the signal y-axis
must be compared with upper x-axis for detection feasibil-
ity (see appendix (B) for more information). Summing up
the result, we show that if the long mode modulation has a
physical origin, it can be enhanced by PNG and it is possible
to observe it in future surveys.
5 CONCLUSIONS AND FURTHER REMARKS
Deviation from the standard picture of inflationary model
with nearly Gaussian, nearly scale invariant, isotropic and
adiabatic initial conditions can open up a new horizon to
the physics of early universe. In this work we study the
effect of long mode modulation as a possible explanation
for CMB hemispherical power asymmetry with local
type of non-Gaussianity, on the distribution of neutral
Hydrogen in EoR. This study is a continuation of the idea
of using late time large scale structure observations as a
complementary probe for EU physics (In this direction
see Hirata (2009); Baghram et al. (2013); Zibin and Moss
(2015); Hassani et al. (2016); Ansari Fard and Baghram
(2018); Zhai and Blanton (2017)). In the present work it is
shown that although the observation of dipole modulation
in 21-cm temperature brightness map of EoR is more
difficult than CMB map, but eventually it’s more promising
and more reachable than low redshift galaxy surveys. It
is shown in Fig. 2 how two different type of observation
predict the large angular scale corrections. Here, we also
study the effect of PNG in the presence of long mode
modulation. The local type PNG has a k−2 dependency
on wavenumber in the bias parameter, therefore the PNG
in its local type can enhance the long mode modulation
effect on angular power spectrum. As it is discussed, the
long mode modulations are companied with local type
PNG. Therefore, this seems a useful coincidence which can
help to detect this effect. For further study, it is necessary
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to introduce a more sophisticated bias model for neutral
Hydrogen by using the simulations to pin down the physics
of ionized patches and the efficiency function of ionization.
On the other hand, more realistic models of non-Markov
bias indicate a k-dependency which must be taken into
account. These corrections may have drastic effects on the
angular power spectrum of 21-cm signal. Another direction
for the extension of our analysis is the study of the effect of
the RSD corrections on the angular power spectrum. As we
discussed in the main text, we neglect the RSD effect due
to its nearly constant contribution to the angular power
spectrum in large scale. However this is an approximation
and further study is needed to incorporate the RSD effect
properly. Summing up this work we should note that the
future observations such as the Square Kilometer Array
(SKA) with enough large angle coverage may become
plausible candidates to detect the large scale anomalies
of initial condition of early universe Bacon et al. (2018).
In the appendix (B) we discuss the characteristics of the
SKA project, mainly focusing on the errors introduced on
the angular power spectrum. Also we show that with the
simple and approximate analysis, the effect of long mode
modulation and PNG could be larger than the systematics
of SKA. The more detailed analysis of the detectability of
these effects will be the subject of a future work.
Note added: During the final stage of this work the
Planck 2018 results. VII. Isotropy and Statistics of the CMB
results on the isotropy of cosmic microwave background ra-
diation and the studies of the CMB anomalies appeared
Akrami et al. (2019). The main findings of the paper regard-
ing this work is that the hemispherical power asymmetry is
still observed in temperature maps. However the E-mode po-
larization map of CMB does not provide a new evidence for
this anomaly. However, the paper concluded that the inde-
pendent search for CMB anomalies including the hemispher-
ical power asymmetry is encouraged to found out the origin
of this features, which could be beyond standard model.
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APPENDIX A: MODULATED BIAS IN
EXCURSION SET THEORY
In the first glance, bias is considered as a nuisance parame-
ter, but it can also be studied as a parameter for detecting
the anomalous initial condition in the process of collapse.
In this appendix we study the ionized fraction bias in the
context of Excursion Set Theory (EST).
In the context of the excursion set theory and peak
background splitting Sheth and Tormen (1999), bias can be
defined by the first up-crossing distribution as
bn =
(−1)n
f (s, δc)
∂n f (s, δc)
∂δnc
, (A1)
where f (s, δc) is the first up-crossing function, which depends
on the variance s and critical density of spherical collapse
δc . Note that n = 1 corresponds to the linear regime La-
grangian bias and for the Markov first up-crossing f (s, δc) =
1/√2π(δc/s3/2)e−δ2c/2s , we will have b1 = (ν2c − 1)/δc , where
ν = δ/√s is the height parameter.
Now according to equation (15), in the excursion set
theory we can find mean value of the collapsed fraction of
the ionization ratio as
〈1 + δxHI 〉 =
F(s(Mmin) | s0, δ0)
F(s(Mmin))
, (A2)
in which s(Mmin) is the variance of density fluctuations re-
lated to the minimum mass that can ionize the surroundings
with scales larger than the scale s0 under consideration. The
function F is the integrated fraction of up-crossing. Now if
we assume that the walks are uncorrelated steps and they are
generated by Gaussian initial condition the collapse fraction
will be Mao et al. (2013)
F(s(Mmin) | s0, δ0) = erfc[
δc(z) − δ0√
2(s(Mmin) − s0)
]. (A3)
In order to find the bias parameter in real space, we can
simply set s0 = 0 and expand 〈1 + δxHI〉 around δ0 = 0 to
obtain
F(s(Mmin) | s0 = 0, δ0)
F(s(Mmin))
= 1 +
∑ δ0n
n!
bxHII,n, (A4)
and thus the first order bias parameter can be found as
bxHII,1 =
√
2
πs(Mmin)
exp (− δc
2
2s(Mmin)
)(erfc[ δc√
2s(Mmin)
])−1,
(A5)
where s(Mmin) and δc vary with redshift. It is seen that
similar to the real space bias there is no scale dependency
in Fourier space Musso et al. (2012)
bxHII(k) ∼ bxHII,1(k) = bxHII,1. (A6)
Note that these coefficients are pure numbers, independent
of wavenumber k, and by definition, independent of s0.
The bias parameter introduced above corresponds to
uncorrelated steps in EST approach which refers to a k-
space sharp smoothing window function for density field.
For more realistic physical cases, other window functions
such as real space top hat and Gaussian filters are suggested.
These filters lead to the correlated steps in EST approach
Nikakhtar et al. (2018). Although there is no analytical ex-
act solution for first up-crossing problem with correlated
steps, there are some approximate solutions in this case.
Here we find the ionized fraction bias in the context of the
correlated steps in EST. Note that in the ionized fraction
bias we used F(s(Mmin) | s0 = 0, δ0) from EST which is mass
fraction of volume s0 that collapsed in halos with scales be-
tween s0 and s(Mmin). Musso et al. (2012) found approxi-
mate solutions for correlated steps of halo bias
〈1 + δh〉 =
f (s | s0, δ0)
f (s) = 1 +
∑ δ0n
n!
bh,n, (A7)
in which f (s | s0, δ0) is the mass fraction of volume s0 that
collapsed in halos with scales between s and s+ds. With this
definition in mind, we simply have
F(smin | s0, δ0) =
∫ smin
s0
f (s | s0, δ0)ds
=
∫ smin
S0
〈1 + δh〉 f (s)ds
= F(smin) +
∑ δ0n
n!
∫ smin
s0
f (s)bh,n(s, s0)ds.
(A8)
Note that we had made no assumption on whether bias pa-
rameter has scale dependency or not. By comparing equa-
tions (A8) and (A4), one can simply find
bxHII,n =
∫ smin
S0
f (s)bh,n(s, S0)ds
F(smin)
, (A9)
where
F(smin) =
∫ smin
0
f (s)ds. (A10)
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The same relation can be found for Fourier space bias
bxHII,n(k) =
∫ smin
0
f (s)bh,n(k)ds
F(smin)
. (A11)
Now we can use this relations to find ionized frac-
tion bias for top hat and Gaussian filters. As mentioned
above, there is no exact solution for these window func-
tions so we use the up-crossing approximation introduced
in Musso et al. (2012). Here we only discuss scale indepen-
dent part of bias (b10) as below
s fup(s) =
ν exp (−ν2
2
)
2
√
2π
(1 + erf(Γν/
√
2)
2
+
exp (−Γ2ν2/2)√
2πΓν
), (A12)
where Γ2 = γ2/(1 − γ2) as γ2 = 〈δδ′〉2/(〈δ2〉〈δ′2〉) (prime
indicates the derivative with respect to the smoothing scale).
Then the bias will be
bhup,10 =
ν2 − 1
δc
+
1
fup(s)
exp (−ν2(1+Γ)2
2
)
4πΓs3/2ν
. (A13)
In the case of modulated power spectrum, the only change in
the bias parameter is introduced via the redefinition of the
variance and other multipoles of power spectrum in terms
of mass. Otherwise, the functionality of the bias parameter
remains the same. In the case the bias parameter has a k-
dependence due to non-Gaussianity or non-Markovianity, we
express it in the form
b˜L
h
(k) = bL
h
+ g(k)bL
h
, (A14)
where b˜L
h
(k) and bL
h
are scale dependent and indepen-
dent halo bias respectively and g(k) is determined by non-
Gaussianity or non-Markovianity extensions. Now by using
equation (A11) we obtain the k-dependent Lagrangian ion-
ized fraction bias parameter
b˜LxHII(k) = bLxHII + g(k)bLxHII . (A15)
The above equation is used in the main text to find the
angular power spectrum of 21-cm brightness temperature in
case of a local type non-Gaussianity.
APPENDIX B: COSMIC VARIANCE AND SKA
CHARACTERISTICS
In this appendix, we will discuss the specifications of SKA
observatory as one of the main future cosmological probes
for studying the distribution of neutral Hydrogen in higher
redshifts. As mentioned before, we study the effect of both
long mode modulation and non-Gaussianity of local type on
the angular power spectrum of 21-cm brightness which can
be an observational probe for the physics beyond standard
model. A very crucial point to indicate here again is that the
LM and PNG-local type signal become important in large
angular scales (low multipoles). SKA as a large scale survey
of 21-cm signal is a promising mission for this type of studies.
SKA1 as the first phase of the project which is partially de-
signed will be the focus of our observational prospect. SKA1
has different sub-categories. The one which is in our inter-
ested frequency range, is SKA1-LOW telescope array. This
array contains nearly 130,000 antenna elements sensitive to
frequencies from 50 to 350 MHz Dewdney (2015) 5. The de-
5 https://www.skatelescope.org/key-documents/
tectability of the LM-PNG signals with future observations
needs a very thorough and detailed analysis which is not
in the scope of this work. However, in order to give an ap-
proximate touch to the problem we will discuss the main
systematic noises of the SKA observation in comparison to
the main signal as it comes below. The systematic errors on
angular power spectrum has two main contributions: a) cos-
mic variance, b) thermal noise of an interferometer. At low
multipoles the main source of uncertainty will be the cosmic
variance, since we have a finite number of measurements of
the angular power spectrum: Campbell (2015)
∆Ccvl =
√
2
2l + 1
Cl . (B1)
Now we can compare the amplitude of this uncertainty with
LM-PNG signals (in each multipole) as an approximation
on the detectability of these signals. In Figs. 2, 5, 6, 7 the
upper x-axis shows
√
2
2l+1
as the ratio of cosmic variance to
the Cl . In Figs. 3, 4 shaded regions show the cosmic variance
uncertainty area ( in Fig. 3, the shaded region is related to
Cl ±∆Ccvl = (1±
√
2
2l+1
)Cl and in Fig. 4) we plot ±∆Ccvl /Cl =
±
√
2
2l+1
. This comparison is essential in a sense that the
signals which are in the order of the cosmic variance can
not be detected in future observations. The other source of
uncertainty is the thermal noise of the interferometer which
can be given by
CN
l
=
(2π)3T2sys
∆νtobs f
2
coverl
2
max
, (B2)
where Tsys is the system temperature, ∆ν is the bandwidth
of the survey, tobs is the total observation time, fcover is the
coverage fraction of the survey (effective collecting area of
the core array Ae divided by π(Dbase/2)2 where Dbase is the
maximum baseline of the core array), and lmax = 2πDbase/λ
is the highest multipole observable of the array at wave-
length λ Pritchard et al. (2015). Note that as we mentioned
earlier at low multipoles the dominant source of uncer-
tainty is cosmic variance and thermal noise will be impor-
tant at high multipoles Shiraishi et al. (2016). The system
temperature at high redshifts (for SKA1-LOW) is given
by Tsys = Trec + Tgal where Trec = 0.1Tgal + 40K is the
receiver noise temperature and the contribution of galac-
tic synchrotron radiation is given approximately by Tgal =
60 × (ν/300MHz)−2.55K Dewdney (2013). Also as mentioned
by Dewdney (2015) at frequencies above 110MHz the ratio
of (Ae/Tsys) is almost flat . At z = 10 (ν ∼ 130MHz) we set
Dbase = 1km Bacon et al. (2018) and (Ae/Tsys) ∼ 559m2/K
Dewdney (2015) so
CN
l
=
(2π)3(π(Dbase/2)2)2
∆νtobsl
2
max
× ( Ae
Tsys
)−2
∼ (2.3 × 10−12K2)(1000hr
tobs
)(8MHz
∆ν
),
(B3)
or by using equation(8)
CN
l
( ¯δTb)2
∼ (2.7 × 10−9)(1000hr
tobs
)(8MHz
∆ν
). (B4)
This means that the thermal noise is lower than cosmic
variance at low multipoles and is comparable to our weakest
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signal (∆CTT,LM
l
) at z = 10 (Fig. 1).
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